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Abstract 
The Minimum Cost-Time Network Flow (MCTNF) problem deals with shipping the available supply through the directed 
network to satisfy demand at minimal total cost and minimal total time. Shipping cost is dependent on the value of flow on the 
arcs; however shipping time is a fixed time of using an arc to send flow. In this paper, a new Bi-Objective Minimum Cost-Time 
Flow (BOMCTF) problem is formulated. The first and second objective functions consider the total shipping cost and the total 
shipping fixed time, respectively. We utilize the weighted sum scalarization technique to convert the proposed model to a well-
known fixed charge minimum cost flow problem with single objective function. This problem is a parametric mixed integer 
programming which can be solved by the existence methods. A numerical example is taken to illustrate the proposed approach. 
© 2014 The Authors. Published by Elsevier B.V. 
Selection and/ peer-review under responsibility of Academic World Research and Education Center. 
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1. Introduction 
Minimum Cost Flow (MCF) Problem is one of the well-known and considerable problems in the Operations 
Research and Management Sciences, which have attracted a wide attention of many researchers. In the literature, 
many applications have been formulated as MCF problems, such as distribution systems planning, medical 
diagnosis, public policy, transportation, manufacturing, capacity planning, and human resource management (Ahuja, 
Magnanti, & Orlin, 1993; Bazaraa, Jarvis, & Sherali, 2010). Generally, MCF problems are classified into two 
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categories: MCF with Continuous flows (MCCF) and MCF with Integer flows (MCIF). It’s obvious that in the first 
case flow variables are real valued variables, but in the second case flow variables restricted to integer values. 
One of the important and attractive extensions of MCF is Bi-Objective Minimum Cost Flow (BOMCF) Problem. 
There are some publications that formulate and solve different BOMCF problems, in both continuous and integer 
cases, see Eusébio & Figueira, (2009); Hamacher, Pedersen, & Ruzika, (2007); Lee & Pulat, (1991); Lee & Pulat, 
(1993) and Pulat, Huarng & Lee, (1992). 
In this paper, we formulate and solve a new BOMCF problem, named Bi-Objective Minimum Cost-Time Flow 
(BOMCTF) problem. The main difference of the presented problem with the before studied problems is direct 
dependence of the decision variables of the objectives. In fact, all of the before published papers, considered two 
objective functions of flow variables, with the traditional constraints of MCF problem, i.e. flow conservation and 
capacity constraints, but in our presented problem, in addition to the flow variables, new binary variables dependent 
on the flow variables are also present. These binary variables are utilized to consider a fixed shipping time for 
positive flows. The first objective function measures total shipping cost of flow, meanwhile the second objective 
function considers the total fixed shipping time of flow. 
The rest of this paper is structured as follows: Section 2 defines and formulates BOMCTFP problem. In Section 3, 
a method is suggested for solving BOMCTF problem. An application of the proposed approach is shown in Section 
4. The paper ends up with conclusion and remarks section. 
2. Bi-Objective Minimum Cost-Time Flow Problem 
Let ܩ ൌ ሺܰǡ ܣሻ be a directed network with a cost ܿ௜௝ , a fixed time ݐ௜௝ and a capacity ݑ௜௝ associated with every arc 
ሺ݅ǡ ݆ሻ א ܣ. With each node ݅ א ܰ, there is an associated number ܾ௜ which indicates its supply or demand depending 
on whether ܾ௜ ൐ Ͳ or ܾ௜ ൏ ͲǤ If ܾ௜ ൌ Ͳfor some ݅ א ܰ, node ݅ is a transshipment node. BOMCTF problem may be 
stated as follows: ship the available supply through the network to satisfy demand at minimal cost and minimal time. 
To deal with this problem, we propose the following bi-objective model:  
               
݉݅݊ ࢉ࢞ ൌ σ ܿ௜௝ݔ௜௝ሺ௜ǡ௝ሻא஺ ሺܽሻ
݉݅݊ ࢚࢟ ൌ σ ݐ௜௝ݕ௜௝ሺ௜ǡ௝ሻא஺ ሺܾሻ
ݏǤ ݐǤ σ ݔ௜௝ሼ௝ǣሺ௜ǡ௝ሻא஺ሽ െ σ ݔ௝௜ሼ௝ǣሺ௝ǡ௜ሻא஺ሽ ൌ ܾ௜ ׊݅ א ܰǡ ሺܿሻ
Ͳ ൑ ݔ௜௝ ൑ ݑ௜௝ ׊ሺ݅ǡ ݆ሻ א ܣǡ ሺ݀ሻ
ݕ௜௝ ൌ ൜
ͳ ݂݅ݔ௜௝ ൐ Ͳ
Ͳ ݂݅ݔ௜௝ ൌ Ͳ ׊ሺ݅ǡ ݆ሻ א ܣǡ ሺ݁ሻ
ݕ௜௝ א ሼͲǡͳሽ ׊ሺ݅ǡ ݆ሻ א ܣǤ ሺ݂ሻ
  (1) 
where auxiliary binary variable ݕ௜௝ is utilized to consider time ݐ௜௝ for positive flow ݔ௜௝ . 
If the flow variables are assumed as real valued variables, the model (1) is a bi-objective mixed-integer 
programming, and if the flow variables are integer valued this model is a bi-objective integer programming problem. 
We refer to the first case as Minimum Cost-Time Continuous Flow (MCTCF) problem, and to the second case as 
Minimum Cost-Time Integer Flow (MCTIF) problem. 
The concept of efficiency, as a key managerial concept, is the most important concept in the Multi-Objective 
Optimization (MOO) problems. Indeed, an efficient solution of a MOO problem is a solution that cannot improve 
some objectives without sacrificing others, in other words, no solution is at least as good as this solution for all 
objectives, and strictly better for at least one objective. Efficient solutions and their associated points in the 
objectives space, which named non-dominated points, in Discrete MOO problems are partitioned into two sets: 
supported and non-supported (Hochbaum & Segev, 1989). A supported solution is the optimal solution of a model 
with weighted sum scalarization objective function; whereas a non-supported solution is not. In the following 
definitions these kinds of solutions are defined, based on the presented BOMCTF problem. 
Let ࡿ denotes the set of all feasible solutions of the problem (1), which is also called the feasible set in decision 
space, the set ࢆ ൌ ሼሺࢉ࢞ǡ ࢚࢟ሻȁሺ࢞ǡ ࢟ሻ א ࡿሽ, is named the feasible set in objective space. 
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Definition 1. Let ሺ࢞ǡ ࢟ሻǡ ሺ࢞ᇱǡ ࢟ᇱሻ א ࡿ . If ࢉ࢞ ൑ ࢉ࢞ᇱǡ ࢚࢟ ൑ ࢚࢟ᇱ  and ሺࢉ࢞ǡ ࢚࢟ሻ ് ሺࢉ࢞ᇱǡ ࢚࢟ᇱሻ  then it is called 
ሺ࢞ǡ ࢟ሻdominates ሺ࢞ᇱǡ ࢟ᇱሻin the decision space, and equivalently ሺࢉ࢞ǡ ࢚࢟ሻdominates ሺࢉ࢞ᇱǡ ࢚࢟ᇱሻ in the objective space. 
Definition 2. Consider the model (1), a feasible solution ሺ࢞כǡ ࢟כሻ א ࡿ  is called efficient, or Pareto optimal, if  
׍ሺ࢞ǡ ࢟ሻ א ࡿ such that ሺ࢞ǡ ࢟ሻ dominatesሺ࢞כǡ ࢟כሻ. If ሺ࢞כǡ ࢟כሻ is an efficient solution, the vector ሺࢉ࢞כǡ ࢚࢟כሻ is said to be 
a non-dominated point in the objective space. The set of efficient solutions is denoted byࡿࡱ, and the image of ࡿࡱin 
ࢆ is called the non-dominated setࢆࡺ . 
Definition 3. An efficient solution ሺ࢞כǡ ࢟כሻ א ࡿࡱ is a supported efficient solution, if it is an optimal solution of the 
following weighted sum single objective problem 
݉݅݊ሼߣଵࢉ࢞ ൅ ߣଶ࢚࢟ȁሺ࢞ǡ ࢟ሻ א ࡿሽ   (2) 
for some ߣଵ ൐ Ͳǡ ߣଶ ൐ Ͳ. If ሺ࢞כǡ ࢟כሻ is a supported efficient solution, then ሺࢉ࢞כǡ ࢚࢟כሻ is named a supported non-
dominated point. 
By varying ߣଵߣଶall supported solutions can be found. For the purpose of simplicity, we can choose ߣଵ א
ሺͲǡͳሻand  ߣଶ ൌ ͳ െߣଵǤIndeed, these points are located on the boundary of the convex hull of ࢆ (hereupon some of 
texts named a supported efficient solution as a convex efficient solution). We use the notationsࡿࡿࡱ  and ࢆࡿࡺ  to 
denote the sets of supported efficient solutions and supported non-dominated points, respectively. 
Definition 4. An efficient solution ሺ࢞כǡ ࢟כሻ א ࡿࡱ is a non-supported efficient solution, if there are no positive values  
ߣͳߣʹ  such that ሺ࢞כǡ ࢟כሻ is an optimal solution of the model (2). 
In a similar manner, the non-supported non-dominated point can be defined. Unlike supported non-dominated 
points, non-supported non-dominated points are located in the interior of convex hull of  ࢆ. We also use the notation 
ࡿࡺࡱ  and ࢆࡺࡺ  to denote the sets of non-supported efficient solutions and non-supported non-dominated points, 
respectively. Fig.1 shows the various types of solutions for a hypothetical problem with two objectives. As can be 
easily observed from the figure, points A, C and E are supported non-dominated points in the objective space and 
consequently their associated feasible solutions are supported efficient solutions. On the other hand, points B and D 
are non-supported non-dominated points. Obviously, point F is dominated point and hence its associated feasible 
solution is inefficient. 
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3. Solving BOMCTF Problem 
As mentioned earlier, efficient solutions of BOMCTF problem are classified into two sets: supported and non-
supported. A supported solution is the optimal solution of the model (2) for someߣଵ ൐ Ͳǡ ߣଶ ൐ Ͳ; whereas a non-
supported solution is not. Finding all supported and non-supported efficient solutions is the major challenge in this 
problem. Furthermore, conditional constraint (1.e), which shows the correlation between ݔ௜௝  and ݕ௜௝  , is an 
additional challenge. To resolve this difficulty we replace constraint (1.e) with two auxiliary linear constraints, and 
reformulate the model (1) as follows. 
         
݉݅݊ ࢉ࢞ ൌ σ ܿ௜௝ݔ௜௝ሺ௜ǡ௝ሻא஺  ሺܽሻ
݉݅݊ ࢚࢟ ൌ σ ݐ௜௝ݕ௜௝ሺ௜ǡ௝ሻא஺ ሺܾሻ
ݏǤ ݐǤ σ ݔ௜௝ሼ௝ǣሺ௜ǡ௝ሻא஺ሽ െ σ ݔ௝௜ሼ௝ǣሺ௝ǡ௜ሻא஺ሽ ൌ ܾ௜ ׊݅ א ܰǡ ሺܿሻ
Ͳ ൑ ݔ௜௝ ൑ ݑ௜௝ ׊ሺ݅ǡ ݆ሻ א ܣǡ ሺ݀ሻ
ݕ௜௝ ൑ ܯݔ௜௝ ׊ሺ݅ǡ ݆ሻ א ܣǡ ሺ݁ሻ
ݔ௜௝ ൑ ܯݕ௜௝ ׊ሺ݅ǡ ݆ሻ א ܣǡ ሺ݂ሻ
ݕ௜௝ א ሼͲǡͳሽ ׊ሺ݅ǡ ݆ሻ א ܣǤ ሺ݃ሻ
  (3) 
where M is a sufficiently large positive number. In this model, if ݔ௜௝ ൌ Ͳ , then the constraint ݔ௜௝ ൑ ܯݕ௜௝  is 
redundant and the constraint ݕ௜௝ ൑ ܯݔ௜௝  leads to ݕ௜௝ ൌ Ͳ . Otherwise ( ݔ௜௝ ൐ Ͳ ) the constraint ݕ௜௝ ൑ ܯݔ௜௝  is 
redundant, for a suitable value of M, and from the constraint ݔ௜௝ ൑ ܯݕ௜௝  we have ݕ௜௝ ൐ Ͳ.  
We formulate the following parametric problem to produce a set of supported efficient solutions of the above 
problem: 
       
݉݅݊ ߣࢉ࢞ ൅ ሺͳ െ ߣሻ࢚࢟ ൌ ߣ σ ܿ௜௝ݔ௜௝ሺ௜ǡ௝ሻא஺ ൅ ሺͳ െ ߣሻσ ݐ௜௝ݕ௜௝ሺ௜ǡ௝ሻא஺ ሺܽሻ
ݏǤ ݐǤ σ ݔ௜௝ሼ௝ǣሺ௜ǡ௝ሻא஺ሽ െ σ ݔ௝௜ሼ௝ǣሺ௝ǡ௜ሻא஺ሽ ൌ ܾ௜ ׊݅ א ܰǡ ሺܾሻ
Ͳ ൑ ݔ௜௝ ൑ ݑ௜௝ ׊ሺ݅ǡ ݆ሻ א ܣǡ ሺܿሻ
ݔ௜௝ ൑ ܯݕ௜௝ ׊ሺ݅ǡ ݆ሻ א ܣǡ ሺ݀ሻ
ݕ௜௝ א ሼͲǡͳሽ ׊ሺ݅ǡ ݆ሻ א ܣǤ ሺ݁ሻ
  (4) 
Note that the objective function helps us to ignore the constraints ݕ௜௝ ൑ ܯݔ௜௝׊ሺ݅ǡ ݆ሻ א ܣ.  
For a given ߣ א ሺͲǡͳሻ, this model can be considered as a Fixed-Charge MCF problem (Hochbaum & Segev, 
1989), which can be solved applying the presented approach in Hochbaum & Segev, 1989 and Khang & Fujiwara, 
1991. 
4. An example 
A In this section, we illustrate the use of our proposed approach in a numerical example containing 9 cities in 
Iran as depicted in Fig 2 (each city is considered as a node). For each route ሺ݅ǡ ݆ሻ there is a triple ሺܿ௜௝ǡ ݐ௜௝ǡ ݑ௜௝ሻ which 
shows cost (in million Rials), time (in hour) and capacity (in million tons) and for each city ݅there is a scalar ܾ௜ 
which indicates the value of supply or demand (in terms of million tons). S can be seen in Fig 2, three cities are 
producing a specific good, i.e. Mashhad, Esfehan and Ahvaz, and the others are consumers. We are dealing with 
shipping 13.5 million tons of goods through the network to satisfy demand at minimal cost and time. 
Now, we apply the model (4) for the given data set in Fig 2. There are two alternative solutions for all ߣ א ሺͲǡͳሻ. 
The first supported efficient solution (let ߣ ൌ ͲǤͲͷ for instance) is as bellow:  
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ݔா௦௙௔௛௔௡ǡ்௘௛௥௔௡כ ൌ ͵Ǥʹǡ ݔா௦௙௔௛௔௡ǡௌ௛௜௥௔௭כ ൌ ʹǤͳǡ ݔா௦௙௔௛௔௡ǡ௒௔௭ௗכ ൌ ͳǤͺ
ݔெ௔௦௛௛௔ௗǡ்௘௛௥௔௡כ ൌ ͳǤͶǡ ݔெ௔௦௛௛௔ௗǡ௓௔௛௘ௗ௔௡כ ൌ ͲǤͺǡ ݔ்௘௛௥௔௡ǡ்௔௕௥௜௭כ ൌ ͲǤͶǡ
ݔ஺௛௩௔௭ǡௌ௛௜௥௔௭כ ൌ ʹǤʹǡ ݔ஺௛௩௔௭ǡ்௔௕௥௜௭כ ൌ ʹǤͲǡ ݔௌ௛௜௥௔௭ǡ஻௔௡ௗ௔௥כ ൌ ʹǤͳǤ
 





Fig. 2. The routes network in Iran 
 
The next supported efficient solution can be obtained by solving the model (4) for ߣ ൌ ͲǤͷ (as an instance): 
ݔா௦௙௔௛௔௡ǡ்௘௛௥௔௡כ ൌ ʹǤͺǡ ݔா௦௙௔௛௔௡ǡௌ௛௜௥௔௭כ ൌ ͲǤͳǡ ݔா௦௙௔௛௔௡ǡ்௔௕௥௜௭כ ൌ ͳǤʹ
ݔா௦௙௘௛௔௡ǡ௒௔௭ௗכ ൌ ͵ǤͲǡ ݔெ௔௦௛௛௔ௗǡ்௘௛௥௔௡כ ൌ ͳǤͶǡ ݔெ௔௦௛௛௔ௗǡ௓௔௡௝௔௡כ ൌ ͲǤͺǡ
ݔ஺௛௩௔௭ǡௌ௛௜௥௔௭כ ൌ ͵ǤͲǡ ݔ஺௛௩௔௭ǡ்௔௕௥௜௭כ ൌ ͳǤʹǡ ݔௌ௛௜௥௔௭ǡ஻௔௡ௗ௔௥כ ൌ ͲǤͻǡ
ݔ௒௔௭ௗǡ஻௔௡ௗ௔௥כ ൌ ͳǤʹ  
 
 
The total shipping cost and fixed time for this solution is 1242.5 and 77, respectively. As a result, two supported 
efficient solutions are achieved by applying the suggested approach. 
5. Conclusion 
The aim of this paper was to deal with MCTNF problem. Toward this end, a BOMCTF problem was formulated 
where the total shipping cost and the total shipping fixed time were considered as the first and second objective 
functions, respectively. To convert the proposed model into a parametric model, the weighted sum scalarization 
technique was utilized. The potential application of the proposed approach was shown by an illustrative numerical 
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The proposed approach succeed in finding all supported efficient solution, however it fails to determine 
unsupported efficient solutions. Developing an approach for finding such solutions can be considered as a further 
research, mentioned earlier, efficient solutions of BOMCTF problem are classified into two sets: supported and non-
supported. A supported solution is the optimal solution of the model (2) for someߣଵ ൐ Ͳǡ ߣଶ ൐ Ͳ; whereas a non- 
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